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GIBBS PHENOMENON OF FRAMELET EXPANSIONS AND
QUASI-PROJECTION APPROXIMATION
BIN HAN
Abstract. The Gibbs phenomenon is widely known for Fourier expansions of periodic functions
and refers to the phenomenon that the nth Fourier partial sums overshoot a target function at jump
discontinuities in such a way that such overshoots do not die out as n goes to infinity. The Gibbs
phenomenon for wavelet expansions using (bi)orthogonal wavelets has been studied in the litera-
ture. Framelets (also called wavelet frames) generalize (bi)orthogonal wavelets. Approximation by
quasi-projection operators are intrinsically linked to approximation by truncated wavelet and framelet
expansions. In this paper we shall establish a key identity for quasi-projection operators and then we
use it to study the Gibbs phenomenon of framelet expansions and approximation by general quasi-
projection operators. We shall also study and characterize the Gibbs phenomenon at an arbitrary
point for approximation by quasi-projection operators. As a consequence, we show that the Gibbs phe-
nomenon appears at all points for every tight or dual framelet having at least two vanishing moments
and for quasi-projection operators having at least three accuracy orders. Our results not only improve
current results in the literature on the Gibbs phenomenon for (bi)orthogonal wavelet expansions but
also are new for framelet expansions and approximation by quasi-projection operators.
1. Introduction
Wavelets and their generalizations such as framelets have been widely applied to many areas such
as image processing and numerical algorithms with great success ([2]). It is well noticed that many
wavelets and framelets suffer the visually unpleasant ringing effect near jump discontinuities, which
is related to the Gibbs phenomenon of wavelet and framelet expansions. It is the purpose of this
paper to study the Gibbs phenomenon of wavelet and framelet expansions as well as their associated
approximation schemes by quasi-projection operators.
Let us recall the Gibbs phenomenon for Fourier expansions. Let L2(T) denote the space of all
2π-periodic square integrable functions equipped with the inner product
〈f, g〉L2(T) :=
1
2π
∫ π
−π
f(x)g(x)dx, f, g ∈ L2(T).
Since {eikx}k∈Z is an orthonormal basis of L2(T), every f ∈ L2(T) has a Fourier expansion f =∑
k∈Z f̂(k)e
ikx in L2(T) with Fourier coefficients
f̂(k) := 〈f, eikx〉 =
1
2π
∫ π
−π
f(x)e−ikxdx, k ∈ Z.
That is, limn→∞ ‖Snf − f‖L2(T) = 0, where its nth Fourier partial sum Snf is defined to be
[Snf ](x) :=
n∑
k=−n
f̂(k)eikx, x ∈ R.
In applications, a lot of signals are modeled by piecewise smooth/analytic functions with finitely many
simple jump discontinuities. Let us consider a particular function f ∈ L2(T) defined by f(x) = −1
for x ∈ (−π, 0] and f(x) = 1 for x ∈ (0, π]. Then f is a piecewise smooth/analytic 2π-periodic
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function with simple jump discontinuities at πZ. By a straightforward calculation, one has its nth
Fourier partial sum
[Snf ](x) =
n∑
k=1
2(1− (−1)k)
πk
sin(kx).
At every x0 6∈ πZ (i.e., at every point where f is continuous), limn→∞[Snf ](x) = f(x) uniformly for
x in some neighborhood of x0. But Gibbs [5] pointed out that at the jump discontinuity 0,
lim
n→∞
[Snf ]
(π
n
)
=
2
π
∫ π
0
sin x
x
dx ≈ 1.17898 > 1.
That is, Snf overshoots f by a fixed positive amount from the right-hand side of the origin. Such
overshoots do not die out as n goes to infinity and this creates undesired visually unpleasant ringing
effects near jump discontinuities in applications. This phenomenon is called the Gibbs phenomenon,
which was first discovered analytically by Wilbraham [26]. There are a lot of studies on the Gibbs
phenomenon and how to reduce it for various expansions and bases. See [7, 15] for historical overview
and recent developments on the Gibbs phenomenon for Fourier expansions. The Gibbs phenomenon
for orthogonal wavelets and biorthogonal wavelets has been studied in the literature, e.g., see [6, 15,
19, 20, 22, 24, 23, 25] and references therein. In this paper we are particularly interested in the Gibbs
phenomenon for framelet expansions and their associated quasi-projection approximation.
Every square integrable function in L2(R) has a wavelet expansion. Let us first recall the definition
of wavelets and framelets (e.g., see [2, 8, 13, 21] and references therein). For a (vector) function f on
the real line R, we shall adopt the notation
fj;k(x) := 2
j/2f(2jx− k), j, k ∈ Z, x ∈ R.
By f ∈ (L2(R))
r×s we mean that f is an r × s matrix of functions in L2(R) and we define
〈f, g〉 :=
∫
R
f(x)g(x)
T
dx, f ∈ (L2(R))
r×t, g ∈ (L2(R))
s×t. (1.1)
For an r × 1 vector function φ = (φ1, . . . , φr)T ∈ (L2(R))
r and an s × 1 vector function ψ =
(ψ1, . . . , ψs)T ∈ (L2(R))
s, we say that {φ;ψ} is a framelet in L2(R) if there exist positive constants
C1 and C2 such that
C1‖f‖
2
L2(R)
6
r∑
ℓ=1
∑
k∈Z
|〈f, φℓ(· − k)〉|2 +
∞∑
j=0
s∑
ℓ=1
∑
k∈Z
|〈f, ψℓj;k〉|
2 6 C2‖f‖
2
L2(R)
, ∀ f ∈ L2(R). (1.2)
If (1.2) holds with C1 = C2 = 1, then {φ;ψ} is called a tight framelet (or a tight multiframelet) in
L2(R). For J ∈ Z, we define nonhomogeneous affine systems ASJ(φ;ψ) in L2(R) to be
ASJ(φ;ψ) := {φ
ℓ
J ;k : k ∈ Z, ℓ = 1, . . . , r} ∪ {ψ
ℓ
j;k : j > J, k ∈ Z, ℓ = 1, . . . , s}. (1.3)
If AS0(φ;ψ) is an orthonormal basis of L2(R), then {φ;ψ} is called an orthogonal wavelet or more
precisely, an orthogonal multiwavelet. Obviously, an orthogonal wavelet must be a tight framelet.
Let φ˜ be an r × 1 vector of functions in L2(R) and ψ˜ be an s× 1 vector of functions in L2(R). We
say that ({φ˜; ψ˜}, {φ;ψ}) is a dual framelet in L2(R) if both {φ˜; ψ˜} and {φ;ψ} are framelets in L2(R)
such that
〈f, g〉 =
∑
k∈Z
〈f, φ˜(· − k)〉〈φ(· − k), g〉+
∞∑
j=0
∑
k∈Z
〈f, ψ˜j;k〉〈ψj;k, g〉, ∀ f, g ∈ L2(R) (1.4)
with the above series converging absolutely. For improved presentation and simplicity, in (1.4) we used
the definition in (1.1) for inner product of vector functions. If in addition AS0(φ˜; ψ˜) and AS0(φ;ψ)
are biorthogonal to each other, then a dual framelet ({φ˜; ψ˜}, {φ;ψ}) in L2(R) is called a biorthogonal
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wavelet in L2(R) or more precisely, a biorthogonal multiwavelet in L2(R). It follows directly from
(1.4) that every function f ∈ L2(R) has the following framelet/wavelet expansion:
f =
∑
k∈Z
〈f, φ˜(· − k)〉φ(· − k) +
∞∑
j=0
∑
k∈Z
〈f, ψ˜j;k〉ψj;k (1.5)
with the series converging unconditionally in L2(R). For n ∈ N ∪ {0}, the truncated expansions of
(1.5) are given by (see [4])
Anf :=
∑
k∈Z
〈f, φ˜(· − k)〉φ(· − k) +
n−1∑
j=0
∑
k∈Z
〈f, ψ˜j;k〉ψj;k, f ∈ L2(R). (1.6)
Then Anf ∈ L2(R) and limn→∞ ‖Anf − f‖L2(R) = 0. We shall see in Proposition 3.1 that the
truncated expansions in (1.6) are closely linked to the well-known quasi-projection operators which
we shall discuss here. By Lloc2 (R) we denote the space of all locally square integrable functions, that
is, f ∈ Lloc2 (R) if
∫ N
−N
|f(x)|2dx < ∞ for all N ∈ N. Let φ and φ˜ be compactly supported vector
functions in (L2(R))
r. For n ∈ N ∪ {0}, the quasi-projection operators Qn : L
loc
2 (R) → L
loc
2 (R)
associated with the compactly supported vector functions φ and φ˜ are defined to be
[Qnf ](x) =
∑
k∈Z
〈f, φ˜n;k〉φn;k(x) =
∑
k∈Z
〈f, 2nφ˜(2n ·−k)〉φ(2nx−k), n ∈ N∪{0}, f ∈ Lloc2 (R). (1.7)
Since f ∈ Lloc2 (R) and φ˜ is a compactly supported vector function in (L2(R))
r, the inner product
〈f, 2nφ˜(2n · −k)〉 is a well-defined row vector. On the other hand, since φ has compact support, for
any given x ∈ R, the summations in (1.7) are actually finite. Therefore, Qnf is well defined and
we can easily observe that Qnf ∈ L
loc
2 (R). Hence, quasi-projection operators Qn map L
loc
2 (R) to
Lloc2 (R). Quasi-projection operators are well known in approximation theory, e.g., see [13, 16, 17, 18].
In particular, we define Q := Q0, that is,
Qf :=
∑
k∈Z
〈f, φ˜(· − k)〉φ(· − k), f ∈ Lloc2 (R). (1.8)
Then [Qnf ](2
−n·) = Q(f(2−n·)) for all n ∈ N. We shall see in Proposition 3.1 that the truncated
expansions Anf in (1.6) are linked to the quasi-projection operators through the identities Anf =
Qnf for all f ∈ L2(R) and n ∈ N ∪ {0}. Obviously, any polynomial p belongs to L
loc
2 (R) and hence,
Qnp is well defined. Recall that the sign function is defined to be
sgn(x) = 1 if x > 0; sgn(0) := 0; sgn(x) := −1 if x < 0. (1.9)
Note that sgn ∈ Lloc2 (R). Hence, Q sgn is well defined. The Fourier transform in this paper is defined
to be f̂(ξ) :=
∫
R
f(x)e−ixξdx for f ∈ L1(R) and is naturally extended to square integrable functions.
The definition of the Gibbs phenomenon for a general approximation scheme will be stated in
Definition 2.1. To study the Gibbs phenomenon of the truncated framelet expansions in (1.6), it is
necessary to study the Gibbs phenomenon of the associated quasi-projection operators in (1.7). To
do so, we need the following key identity in this paper on quasi-projection operators.
Theorem 1.1. Let φ and φ˜ be r × 1 vectors of compactly supported functions in L2(R) such that̂˜φ(0)Tφ̂(0) = 1 and ̂˜φ(0)Tφ̂(2πk) = 0 ∀ k ∈ Z\{0}. (1.10)
Let Q be defined in (1.8). Then sgn−Q sgn is a compactly supported function in L2(R) and
〈(·), sgn−Q sgn〉 =
1
6
− φ̂(0)
T
(κ1 − κ2)− [φ̂]′′(0)
T̂˜φ(0) + i[φ̂]′(0)T̂˜φ(0)− 2i[φ̂]′(0)Tκ1, (1.11)
where (·) stands for the identity function/polynomial such that (x) := x for all x ∈ R, and
κj :=
∫ 1
0
∑
n∈Z
njφ˜(x− n)dx, j ∈ N ∪ {0}. (1.12)
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We shall present the technical proof of Theorem 1.1 in Section 4. It is well known (also see
Section 2) that (1.10) is equivalent to Q1 = 1. This condition is needed in order to guarantee that
sgn−Q sgn is compactly supported. As we shall see in this paper, the identity (1.11) in Theorem 1.1
plays the key role in our study of the Gibbs phenomenon of framelet expansions and quasi-projection
approximation.
The structure of the paper is as follows. Using Theorem 1.1, we shall define and discuss in
Section 2 the Gibbs phenomenon for approximation by quasi-projection operators. In particular,
we show that every approximation scheme by general quasi-projection operators with at least three
approximation/accuracy orders exhibits the Gibbs phenomenon at the origin. We further discuss in
Section 2 about how to avoid the Gibbs phenomenon for approximation by quasi-projection operators
without sacrificing the approximation orders and accuracy orders. In Section 3 we address the Gibbs
phenomenon of framelet expansions. In particular, we show that every dual framelet, if both its
primal and dual framelet generators have at least two vanishing moments, must exhibit the Gibbs
phenomenon at the origin. We shall prove Theorem 1.1 in Section 4. Under the conditions Q1 = 1
and all the entries of the vector function φ are continuous, in Section 5 we shall study the Gibbs
phenomenon at an arbitrary point for framelet expansions and approximation by quasi-projection
operators. We show that every approximation scheme by general quasi-projection operators with
at least three approximation/accuracy orders exhibits the Gibbs phenomenon at every point of the
real line. Moreover, any dual framelet with at least two vanishing moments for its primal and dual
framelet generators must exhibit the Gibbs phenomenon at all points. Though most results in this
paper can be generalized to quasi-projection operators in Lp(R) with 1 6 p 6 ∞ and to wavelets
and framelets not necessarily having compact support, for simplicity and for avoiding too much
technicality, we only consider the space L2(R) and framelets with compact support in this paper.
2. Gibbs Phenomenon of Approximation by Quasi-projection Operators
In this section we apply Theorem 1.1 to study the Gibbs phenomenon of approximation by general
quasi-projection operators. Let us first give the definition of the Gibbs phenomenon of a general
approximation scheme.
Generally, we often expand/represent functions in L2(R) under various bases in L2(R), e.g., or-
thogonal wavelet bases. Therefore, we approximate a function f ∈ L2(R) by a sequence {Qnf}n∈N of
functions in L2(R) using some linear operatorsQn mapping L2(R) to L2(R) such that limn→∞ ‖Qnf−
f‖L2(R) = 0. For piecewise smooth/analytic functions f ∈ L2(R) with finitely many jump discontinu-
ities, quite often we have limn→∞[Qnf ](x) = f(x) uniformly in a neighborhood of every given point
where f is continuous (e.g., see Lemma 5.1). Therefore, to study the Gibbs phenomenon, we only
need to consider a special function with only one jump discontinuity. The definition of the Gibbs
phenomenon under a general approximation scheme {Qn}n∈N is defined as follows:
Definition 2.1. Let x0 ∈ R and η be a compactly supported C
∞ function on R such that η(x) = 1 for
all x ∈ [−1, 1]. We say that a sequence {Qn}n∈N of linear operators, mapping real-valued functions
in L2(R) into real-valued functions in L2(R), exhibits the Gibbs phenomenon at the point x0 if there
exists a sequence {cn}n∈N of positive numbers such that limn→∞ cn = 0 and either
lim sup
n→∞
ess-supx∈(x0,x0+cn)[Qng](x) > 1, (2.1)
or
lim inf
n→∞
ess-infx∈(x0−cn,x0)[Qng](x) < −1, (2.2)
where g := η(· − x0) sgn(· − x0), which is smooth and continuous everywhere except at the point x0.
The inequality in (2.1) means that the approximation Qng overshoots g by a fixed positive amount
from the right-hand side of x0. Note that in the above definition we do not require that all Qng should
be continuous functions. If all Qng are continuous (the most common case), then the above definition
is equivalent to that there exists a sequence {cn}n∈N of positive numbers such that limn→∞ cn = 0
and either lim supn→∞[Qng](x0 + cn) > 1 or lim infn→∞[Qng](x0 − cn) < −1.
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In this section we are particularly interested in the Gibbs phenomenon of approximation by quasi-
projection operators. Let us first discuss the Gibbs phenomenon at the origin (i.e., x0 = 0) in
Definition 2.1. As discussed in [19, 24] for orthogonal wavelets, the Gibbs phenomenon at a point
x0 which is not a dyadic rational number is much more complicated. For simplicity of presentation,
we shall postpone our discussion on the Gibbs phenomenon at an arbitrary point to Section 5, the
last section of this paper. In Section 5, we shall characterize and study the Gibbs phenomenon at
an arbitrary point for approximation by quasi-projection operators and framelet expansions. Since
all involved functions in φ and φ˜ in the quasi-projection operators in (1.7) have compact support
and sgn ∈ Lloc2 (R), the functions Qn sgn are well defined and Qn sgn agrees with Qn(η sgn) in a
neighborhood of the origin for all large n ∈ N. Therefore, we only need to study Qn sgn in a
neighborhood of the origin, even though sgn 6∈ L2(R).
Lemma 2.2. Let φ and φ˜ be r×1 vectors of compactly supported real-valued functions in L2(R). Let
Qn, n ∈ N be the quasi-projection operators defined in (1.7) and Q := Q0 in (1.8). Then {Qn}n∈N
does not exhibit the Gibbs phenomenon at the origin if and only if
[Q sgn](x) 6 1 a.e. x ∈ (0,∞) and [Q sgn](x) > −1 a.e. x ∈ (−∞, 0). (2.3)
Proof. From the definition of the quasi-projection operators, we have the basic fact [Qnf ](2
−n·) =
Q(f(2−n·)) for all n ∈ N. In particular, by sgn(2−n·) = sgn, we have [Qn sgn](2
−n·) = Q sgn.
The sufficiency part is trivial, since (2.3) implies [Qn sgn](x) = [Q sgn](2
nx) 6 1 for almost every
x ∈ (0,∞), and [Qn sgn](x) = [Q sgn](2
nx) > −1 for almost every x ∈ (−∞, 0).
Necessity. Suppose that {Qn}n∈N does not exhibit the Gibbs phenomenon at the origin but (2.3)
fails. Without loss of generality, we assume that there is a measurable set E ⊆ (0,∞) such that E
has a positive measure and [Q sgn](x) > 1 for all x ∈ E. Therefore, there exists c > 0 such that
C := ess-supx∈(0,c)[Q sgn](x) > 1. Define cn := 2
−nc > 0. Then limn→∞ cn = 0 and
ess-supx∈(0,cn)[Qn sgn](x) = ess-supx∈(0,c)[Q sgn](x) = C > 1.
Therefore, {Qn}n∈N exhibits the Gibbs phenomenon at the origin, which is a contradiction to our
assumption. Consequently, (2.3) must hold and we proved the necessity part. 
In Section 5, under the conditions that Q1 = 1 and all the entries of φ are continuous, we shall see
that Lemma 2.2 is a special case of Theorem 5.2, which characterizes the Gibbs phenomenon at an
arbitrary point of approximation by quasi-projection operators.
Before addressing the Gibbs phenomenon of approximation by general quasi-projection operators,
let us recall some well known results on quasi-projection operators from approximation theory. For
m ∈ N, the Sobolev space Hm(R) consists of all functions f ∈ L2(R) such that f, f
′, . . . , f (m) ∈ L2(R)
(all the derivatives are in the sense of distributions). By Pm−1 we denote the set of all polynomials
having degree less than m. The following result is well known in approximation theory, e.g., see
[16, 17], [13, Theorem 5.4.2] and references therein.
Theorem 2.3. Let φ and φ˜ be r× 1 vectors of compactly supported functions in L2(R). Let Qn, n ∈
N ∪ {0} be the quasi-projection operators defined in (1.7). For m ∈ N, {Qn}n∈N has approximation
order m, that is, there exists a positive constant C such that
‖Qnf − f‖L2(R) 6 C2
−nm‖f (m)‖L2(R), ∀ f ∈ H
m(R), n ∈ N (2.4)
if and only if Qp = p for all polynomials p ∈ Pm−1 of degree less than m, where Q := Q0 is defined
in (1.8).
For two smooth functions f and g, by f(ξ) = g(ξ) + O(|ξ|m) as ξ → 0 we mean f (j)(0) = g(j)(0)
for all j = 0, . . . , m− 1. By δ we denote the Dirac sequence such that δ(0) = 1 and δ(k) = 0 for all
k ∈ Z\{0}. We say that {Qn}n∈N has accuracy order m if Qp = p for all p ∈ Pm−1, which is also
equivalent to that Qnp = p for all p ∈ Pm−1 and n ∈ N ∪ {0}. It is also well known (e.g., see [13,
Proposition 5.5.2]) that Qp = p for all p ∈ Pm−1 if and only if̂˜
φ(ξ)
T
φ̂(ξ + 2πk) = δ(k) + O(|ξ|m), ξ → 0 for all k ∈ Z. (2.5)
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Similarly, we can define quasi-projection operators Q˜n by switching the roles of φ and φ˜ as follows:
Q˜ := Q˜0 and Q˜nf :=
∑
k∈Z
〈f, 2nφ(2n · −k)〉φ˜(2n · −k), n ∈ N ∪ {0}, f ∈ Lloc2 (R). (2.6)
Then Q˜p = p for all p ∈ Pm−1 if and only if
φ̂(ξ)
T̂˜
φ(ξ + 2πk) = δ(k) + O(|ξ|m), ξ → 0 for all k ∈ Z. (2.7)
A simple sufficient condition for {Qn}n∈N to be free of the Gibbs phenomenon is as follows.
Proposition 2.4. Let φ and φ˜ be r×1 vectors of compactly supported real-valued functions in L2(R)
such that (1.10) is satisfied, i.e., Q1 = 1, where Q is defined in (1.8).
(i) If all the entries in the vector functions φ,
∫ k
−∞
φ˜(x)dx and
∫∞
k
φ˜(x)dx are nonnegative for all
k ∈ Z, then −1 6 [Q sgn](x) 6 1 for almost every x ∈ R and in particular, (2.3) holds.
(ii) If all the entries in φ and φ˜ are nonnegative, then −1 6 [Q sgn](x) 6 1 for almost every
x ∈ R and (2.3) holds, but {Qn}n∈N has accuracy order no more than two, where Qn, n ∈ N
are defined in (1.7)
Proof. Note that 〈φ˜(· − k), 1〉 =
̂˜
φ(0) and 〈φ˜(· − k), sgn〉 = 2
∫∞
0
φ˜(y − k)dy −
̂˜
φ(0). Hence,
[Q sgn](x) = 2
∫ ∞
0
K(x, y)dy −
̂˜
φ(0)
T∑
k∈Z
φ(x− k) with K(x, y) :=
∑
k∈Z
φ˜(y − k)
T
φ(x− k). (2.8)
Since (1.10) holds (i.e., Q1 = 1) and φ˜ is real-valued, by the assumptions in item (i), we have
[Q sgn](x) = 2
∫ ∞
0
K(x, y)dy − 1 = 2
∑
k∈Z
(∫ ∞
−k
φ˜(y)dy
)
T
φ(x− k)− 1 > −1
and
[Q sgn](x) = 1− 2
∫ 0
−∞
K(x, y)dy = 1− 2
∑
k∈Z
(∫ −k
−∞
φ˜(y)dy
)T
φ(x− k) 6 1
for almost all x ∈ R. Hence, −1 6 [Q sgn](x) 6 1 for almost every x ∈ R. This proves item (i).
Obviously, the conditions in item (ii) imply the conditions in item (i). Therefore, (2.3) must
hold. We use proof by contradiction to show that {Qn}n∈N has accuracy order no more than two.
Suppose that {Qn}n∈N has accuracy order at least three. Define η(x) :=
∫
R
φ˜(x+ y)
T
φ(y)dy. By
(2.5) with m = 3, we must have η̂(ξ) =
̂˜
φ(ξ)
T
φ̂(ξ) = 1 + O(|ξ|3) as ξ → 0, from which we conclude
that [η̂]′′(0) = 0 and η̂(0) = 1. By 0 = [η̂]′′(0) =
∫
R
η(x)(−ix)2dx, we must have
∫
R
x2η(x)dx = 0.
However, since both φ˜ and φ are nonnegative, the scalar function η must be nonnegative. The
condition
∫
R
x2η(x)dx = 0 will then force η = 0, a contradiction to η̂(0) = 1. This proves that
{Qn}n∈N must have accuracy order no more than two. This proves item (ii). 
Under the condition in (1.10) (i.e., Q1 = 1), by (2.8), the criterion in (2.3) of Lemma 2.2 for
{Qn}n∈N to be free of the Gibbs phenomenon is equivalent to∫ ∞
0
K(x, y)dy 6 1 a.e. x > 0 and
∫ ∞
0
K(x, y)dy > 0 a.e. x < 0. (2.9)
The criterion in (2.9) for {Qn}n∈N to be free of the Gibbs phenomenon is already known in [19,
Theorem 3.1] for orthogonal wavelets and in [6] for more general expansions. Many functions in
wavelet analysis and approximation theory are nonnegative. One important family of such functions
are B-splines. The B-spline function Bm of order m is defined by
B1 := χ(0,1] and Bm := Bm−1 ∗B1 =
∫ 1
0
Bm−1(· − t)dt, m ∈ N. (2.10)
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It is easy to check that Bm is a nonnegative piecewise polynomial with support [0, m] and B̂m(ξ) =
(1−e
−iξ
iξ
)m. Therefore, B̂m(0) = 1 and B̂m(ξ + 2πk) = O(|ξ|
m) as ξ → 0 for all k ∈ Z\{0}.
For the Gibbs phenomenon of approximation by general quasi-projection operators, we have
Theorem 2.5. Let φ and φ˜ be r × 1 vectors of compactly supported functions in L2(R). Let Qn be
the quasi-projection operators defined in (1.7) and Q := Q0 in (1.8). If (1.10) holds (i.e., Q1 = 1)
and
φ̂(ξ)
T̂˜
φ(ξ + 2πk) = δ(k) + O(|ξ|2), ξ → 0 for all k ∈ Z, (2.11)
then
〈(·), sgn−Q sgn〉 = −[φ̂
T̂˜
φ]′′(0), (2.12)
where (·) stands for the linear polynomial with (x) := x for all x ∈ R. If in addition [φ̂
T̂˜φ]′′(0) = 0,
both φ and φ˜ are real-valued, and
Q sgn 6= sgn on some set of positive measure, (2.13)
then {Qn}n∈N must exhibit the Gibbs phenomenon at the origin.
Proof. Since (1.10) holds, by Theorem 1.1, the identity in (1.11) must be true. By the definition of
the quasi-projection operators Q˜ and Q˜n in (2.6), since (2.11) is just (2.7) with m = 2, we conclude
that (2.11) is equivalent to saying that {Q˜n}n∈N has accuracy order two, i.e., Q˜1 = 1 and Q˜x = x.
By calculation, we have 〈(·), φ(· − k)〉 = 〈(·) + k, φ〉 = −i[φ̂]′(0)
T
+ kφ̂(0)
T
. Hence,
x = Q˜x =
∑
k∈Z
〈(·), φ(· − k)〉φ˜(x− k) =
∑
k∈Z
(
−i[φ̂]′(0)
T
+ kφ̂(0)
T
)
φ˜(x− k). (2.14)
Multiplying x to both sides of the above identity in (2.14) and integrating on [0, 1], by x = (x−k)+k,
we have
1
3
=
∫ 1
0
x2dx = −i[φ̂]′(0)
T∑
k∈Z
∫ 1
0
xφ˜(x− k)dx+ φ̂(0)
T∑
k∈Z
∫ 1
0
kxφ˜(x− k)dx
= −i[φ̂]′(0)
T
(∫ 1
0
∑
k∈Z
(x− k)φ˜(x− k)dx+
∫ 1
0
∑
k∈Z
kφ˜(x− k)dx
)
+ φ̂(0)
T
(∫ 1
0
∑
k∈Z
k(x− k)φ˜(x− k)dx+
∫ 1
0
∑
k∈Z
k2φ˜(x− k)dx
)
= −i[φ̂]′(0)
T
(∫
R
xφ˜(x)dx+ κ1
)
+ φ̂(0)
T
(κ∗ + κ2)
= [φ̂]′(0)
T
[
̂˜
φ]′(0)− i[φ̂]′(0)
T
κ1 + φ̂(0)
T
κ∗ + φ̂(0)
T
κ2,
where κ1, κ2 are defined in (1.12), and κ∗ :=
∫ 1
0
∑
k∈Z k(x− k)φ˜(x− k)dx. Since 〈1, φ(· − k)〉 = φ̂(0)
T
and Q˜1 = 1, we have
1 = [Q˜1](x) =
∑
k∈Z
〈1, φ(· − k)〉φ˜(x− k) = φ̂(0)
T∑
k∈Z
φ˜(x− k).
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Multiplying x2 on both sides of the above identity and integrating on [0, 1], we have
1
3
=
∫ 1
0
x2dx = φ̂(0)
T∑
k∈Z
∫ 1
0
x2φ˜(x− k)dx = φ̂(0)
T
∫ 1
0
∑
k∈Z
(
(x− k)2 + 2k(x− k) + k2
)
φ˜(x− k)dx
= φ̂(0)
T
(∫ 1
0
∑
k∈Z
(x− k)2φ˜(x− k)dx+
∫ 1
0
∑
k∈Z
2k(x− k)φ˜(x− k)dx+
∫ 1
0
∑
k∈Z
k2φ˜(x− k)dx
)
= φ̂(0)
T
(∫
R
x2φ˜(x)dx+ 2κ∗ + κ2
)
= −φ̂(0)
T
[̂˜φ]′′(0) + 2φ̂(0)Tκ∗ + φ̂(0)Tκ2.
That is, we proved that (2.11) implies
1
3
= [φ̂]′(0)
T
[̂˜φ]′(0)− i[φ̂]′(0)Tκ1 + φ̂(0)Tκ∗ + φ̂(0)Tκ2, 1
3
= −φ̂(0)
T
[̂˜φ]′′(0) + 2φ̂(0)Tκ∗ + φ̂(0)Tκ2.
Multiplying the first identity by 2 and subtracting the second identity, we end up with
1
3
= 2[φ̂]′(0)
T
[̂˜φ]′(0)− 2i[φ̂]′(0)Tκ1 + φ̂(0)Tκ2 + φ̂(0)T[̂˜φ]′′(0). (2.15)
Integrating over [0, 1] on both sides of (2.14), we have
1
2
=
∫ 1
0
xdx = −i[φ̂]′(0)
T∑
k∈Z
∫ 1
0
φ˜(x− k)dx+ φ̂(0)
T
∫ 1
0
∑
k∈Z
kφ˜(x− k)dx = −i[φ̂]′(0)
T̂˜φ(0)+ φ̂(0)Tκ1,
from which we have φ̂(0)
T
κ1 =
1
2
+ i[φ̂]′(0)
T̂˜
φ(0). Now we conclude from (1.11) in Theorem 1.1 that
〈(·), sgn−Q sgn〉 =
1
6
− φ̂(0)
T
(κ1 − κ2)− [φ̂]′′(0)
T̂˜φ(0) + i[φ̂]′(0)T̂˜φ(0)− 2i[φ̂]′(0)Tκ1
=
1
6
−
(
1
2
+ i[φ̂]′(0)
T̂˜
φ(0)
)
+ φ̂(0)
T
κ2 − [φ̂]′′(0)
T̂˜
φ(0) + i[φ̂]′(0)
T̂˜
φ(0)− 2i[φ̂]′(0)
T
κ1
= −
1
3
+ φ̂(0)
T
κ2 − [φ̂]′′(0)
T̂˜
φ(0)− 2i[φ̂]′(0)
T
κ1
= −2[φ̂]′(0)
T
[̂˜φ]′(0)− φ̂(0)T[̂˜φ]′′(0)− [φ̂]′′(0)T̂˜φ(0) = −[φ̂T̂˜φ]′′(0),
where we used (2.15) in the second-to-last identity. Hence, (2.12) must be true.
If in addition [φ̂
T̂˜
φ]′′(0) = 0, then it follows directly from (2.12) that 〈(·), sgn−Q sgn〉 = 0. Suppose
that {Qn}n∈N does not exhibit the Gibbs phenomenon at the origin. By Lemma 2.2, (2.3) must hold.
Consequently, x(sgn−Q sgn)(x) > 0 for almost every x ∈ R. By 〈(·), sgn−Q sgn〉 = 0, we must have
x(sgn−Q sgn)(x) = 0 for almost every x ∈ R, which is a contradiction to our assumption in (2.13).
Therefore, {Qn}n∈N must exhibit the Gibbs phenomenon at the origin. 
It is easy to see that (2.13) is often true. For example, if φ is continuous, then (2.13) must hold.
As a direct consequence of Theorem 2.5, the following result says that quasi-projection operators
having accuracy order higher than two must exhibit the Gibbs phenomenon.
Corollary 2.6. Let φ be an r × 1 vector of compactly supported functions in L2(R). Recall that the
associated quasi-projection operators are defined by
Qnf =
∑
k∈Z
〈f, 2nφ(2n · −k)〉φ(2n · −k), n ∈ N ∪ {0}, f ∈ Lloc2 (R). (2.16)
If {Qn}n∈N has accuracy order higher than two, then 〈(·), sgn−Q sgn〉 = 0, where Q := Q0. If in
addition (2.13) holds, then {Qn}n∈N must exhibit the Gibbs phenomenon at the origin.
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Proof. Since {Qn}n∈N has accuracy order higher than two, we must have Q1 = 1,Qx = x and
Qx2 = x2; or equivalently,
φ̂(ξ)
T
φ̂(ξ + 2πk) = δ(k) + O(|ξ|3), ξ → 0, k ∈ Z. (2.17)
Hence, both (1.10) and (2.11) are satisfied with φ˜ := φ. Moreover, (2.17) further implies φ̂(ξ)
T
φ̂(ξ) =
1 + O(|ξ|3) as ξ → 0, from which we have [φ̂
T
φ̂]′′(0) = 0. Now the conclusion follows directly from
Theorem 2.5. 
In the rest of this section we discuss how to avoid the Gibbs phenomenon while preserving higher
accuracy order. Let φ and φ˜ be r × 1 vectors of compactly supported functions in L2(R). By S(φ)
we denote the space of all functions
∑
k∈Z v(k)φ(· − k) for all sequences v : Z→ C
1×r. If the quasi-
projection operatorsQn in (1.7) have accuracy orderm, then Qp = p for all p ∈ Pm−1, where Q := Q0
is defined in (1.8). In particular, we have Pm−1 ⊂ S(φ). If Pm−1 ⊂ S(φ), then it is interesting to
ask whether there exists a compactly supported vector function φ˜ such that {Qn}n∈N in (1.7) has
accuracy order m and is free of the Gibbs phenomenon. The following result partially answers this
question.
Proposition 2.7. Let φ be a nonnegative compactly supported real-valued function in L2(R) such
that φ̂(0) = 1 and φ̂(ξ + 2πk) = O(|ξ|m) as ξ → 0 for all k ∈ Z\{0}. Then there exists a compactly
supported real-valued function φ˜ ∈ L2(R) such that (2.5) is satisfied,
∑
k∈Z φ˜(·−k) = 1, and {Qn}n∈N
has accuracy order m and is free of the Gibbs phenomenon at the origin, where Qn, n ∈ N are defined
in (1.7).
Proof. Define dj := i
j[1/φ̂](j)(0) for j = 0, . . . , m − 1. Since φ is real-valued, we can check that all
dj are real numbers. Moreover, d0 = 1 and d1 =
∫
R
xφ(x)dx. Let N be the unique integer such that
0 6 d1 −N +
1
2
< 1. Consider N = x0 < x1 < · · · < xm−1 = N + 1 and c0, . . . , cm−1 ∈ R. Define
η :=
m−1∑
k=1
ckχ[xk−1,xk] and φ˜ := η − η(1 + ·) + χ(N−1,N ].
Then it is trivial that η is supported inside [N,N + 1], φ˜ is supported inside [N − 1, N + 1], and∑
k∈Z φ˜(· − k) = 1. We now choose the unknowns {ck}
m−1
k=1 so that̂˜φ(ξ) = 1
φ̂(ξ)
+ O(|ξ|m), ξ → 0. (2.18)
By the definition of φ˜ and dj, we see that (2.18) is equivalent to∫
R
xjφ˜(x)dx =
∫
R
xj
(
η(x)− η(x+ 1) + χ(N−1,N ](x)
)
dx = dj, j = 0, . . . , m− 1.
Note that
∫
R
xjχ(N−1,N ](x)dx =
Nj+1−(N−1)j+1
j+1
,
∫
R
xjη(x+ 1)dx =
∫
R
(x− 1)jη(x)dx, and∫
R
xj(η(x)− η(x+ 1))dx =
∫
R
(xj − (x− 1)j)η(x)dx =
m−1∑
k=1
ck
∫ xk
xk−1
(xj − (x− 1)j)dx.
Consequently, (2.18) is further equivalent to that for all j = 0, . . . , m− 1,
m−1∑
k=1
ck
∫ xk
xk−1
(xj − (x− 1)j)dx = dj −
N j+1 − (N − 1)j+1
j + 1
. (2.19)
For j = 0, by d0 = 1, both sides of the above equation in (2.19) are zero. We now prove that the
system of linear equations in (2.19) for j = 1, . . . , m − 1 has a unique solution {ck}
m−1
k=1 . In fact, we
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consider its dual problem: If∫ xk
xk−1
p(x)dx = 0 for all k = 1, . . . , m− 1 with p(x) :=
m−1∑
j=1
bj(x
j − (x− 1)j), (2.20)
we must prove that b1 = · · · = bm−1 = 0. Let q be the unique polynomial such that q
′ = p
and q(x0) = 0. Then deg(q) 6 m − 1 by deg(p) 6 m − 2. Since
∫ xk
xk−1
p(x)dx = q(xk) − q(xk−1)
and q(x0) = 0, we see that (2.20) is equivalent to q(x1) = · · · = q(xm−1) = 0. Since q(x0) = 0,
the polynomial q has m distinct roots x0, . . . , xm−1. Then deg(q) 6 m − 1 will force q = 0 and
consequently, p = q′ = 0, from which we must have b1 = · · · = bm−1 = 0. Since all dj are real
numbers, this proves that the system of linear equations in (2.19) has a unique real-valued solution
{ck}
m−1
k=1 . Therefore, (2.5) is satisfied and {Qn}n∈N has accuracy order m.
Considering j = 1 in (2.19), we have∫
R
η(x)dx =
m−1∑
k=1
ck(xk − xk−1) = d1 −
N2 − (N − 1)2
2
= d1 −N +
1
2
.
Note that φ˜ = η on [N,N +1]. By our choice of N ∈ Z, we conclude that the number
∫ N+1
N
φ˜(x)dx =∫
R
η(x)dx = d1−N+
1
2
must lie on the interval [0, 1]. On the other hand, since φ˜ = χ(N−1,N ]−η(1+ ·)
on [N − 1, N ], we have∫ N
N−1
φ˜(x)dx = 1−
∫
R
η(1 + x)dx = 1−
(
d1 −N +
1
2
)
must lie on [0, 1] by 0 6 d1 − N +
1
2
< 1. Since φ˜ is supported inside [N − 1, N + 1], now it follows
from item (i) of Proposition 2.4 that {Qn}n∈N is free of the Gibbs phenomenon at the origin. 
According to Theorem 2.5, for m > 3, Proposition 2.7 is optimal in the sense that any desired com-
pactly supported function φ˜ in Proposition 2.7 cannot satisfy the additional condition: [
̂˜
φ]′(2πk) = 0
for all k ∈ Z\{0}. Otherwise, Theorem 2.5 tells us that {Qn}n∈N must exhibit the Gibbs phenomenon
at the origin, a contradiction to the claim in Proposition 2.7.
3. Gibbs Phenomenon of Wavelet and Framelet Expansions
In this section we study the Gibbs phenomenon of wavelet and framelet expansions. As we shall
see in this section, wavelets and framelets having high vanishing moments must exhibit the Gibbs
phenomenon at the origin.
One of the main features of wavelets and framelets {φ;ψ} is sparse representation, which is largely
due to the vanishing moments of ψ (see [2]). We say that ψ hasm vanishing moments if
∫
R
xjψ(x)dx =
0 for all j = 0, . . . , m−1, or equivalently, ψ̂(j)(0) = 0 for all j = 0, . . . , m−1. In particular, we define
vm(ψ) := m with m being the largest such nonnegative integer.
Before discussing the Gibbs phenomenon of wavelet and framelet expansions, we have the following
result, which is essentially known in the literature but we shall provide a proof here for the convenience
of the reader.
Proposition 3.1. Let φ, φ˜ be r × 1 vectors of compactly supported functions in L2(R) and ψ, ψ˜ be
s × 1 vectors of compactly supported functions in L2(R). Suppose that ({φ˜; ψ˜}, {φ;ψ}) is a dual
framelet in L2(R). Then
(i) Anf = Qnf for all f ∈ L2(R) and n ∈ N ∪ {0}, where An are the operators in (1.6) for the
truncated framelet expansions and Qn are the quasi-projection operators defined in (1.7).
(ii) Qp = p for all p ∈ Pm−1 with m := vm(ψ˜), where Qp :=
∑
k∈Z〈p, φ˜(· − k)〉φ(· − k).
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Proof. Item (i) is essentially known in [10, 11]. Indeed, for J ∈ Z, replacing f and g in (1.4) by
2−J/2f(2−J ·) and 2−J/2g(2−J ·), respectively, we have
〈f, g〉 = 〈2−J/2f(2−J ·), 2−J/2g(2−J ·)〉 =
∑
k∈Z
〈2−J/2f(2−J ·), φ˜(· − k)〉〈φ(· − k), 2−J/2g(2−J ·)〉
+
∞∑
j=0
∑
k∈Z
〈2−J/2f(2−J ·), ψ˜j;k〉〈ψj;k, 2
−J/2g(2−J ·)〉
=
∑
k∈Z
〈f, φ˜J ;k〉〈φJ ;k, g〉+
∞∑
j=J
∑
k∈Z
〈f, ψ˜j;k〉〈ψj;k, g〉.
Considering the differences between the levels J = n − 1 and J = n of the above identities, we
conclude that∑
k∈Z
〈f, φ˜n−1;k〉〈φn−1;k, g〉+
∑
k∈Z
〈f, ψ˜n−1;k〉〈ψn−1;k, g〉 =
∑
k∈Z
〈f, φ˜n;k〉〈φn;k, g〉, n ∈ Z. (3.1)
Consequently, it follows directly from the above identities that
〈Anf, g〉 =
∑
k∈Z
〈f, φ˜n;k〉〈φn;k, g〉 = 〈Qnf, g〉
for all f, g ∈ L2(R). Therefore, we must have Anf = Qnf for all f ∈ L2(R) and n ∈ N ∪ {0}. This
proves item (i).
We now prove item (ii). Since all the functions have compact support, without loss of generality,
we assume that all φ˜, φ, ψ˜, ψ are supported inside [−N0, N0]. For N > 2N0, let ηN be a compactly
supported C∞ function such that ηN (x) = 1 for x ∈ [−N,N ]. Let p ∈ Pm−1. Then ηNp ∈ L2(R).
Now it follows directly from the representation in (1.5) that
ηNp =
∑
k∈Z
〈ηNp, φ˜(· − k)〉φ(x− k) +
∞∑
j=0
∑
k∈Z
〈ηNp, ψ˜j;k〉ψj;k.
Due to the vanishing moments of ψ˜, if the support of ψ˜j;k is contained inside [−N,N ], then 〈ηNp, ψ˜j;k〉 =
〈p, ψ˜j;k〉 = 0. Since ψ and ψ˜ are supported inside [−N0, N0], the supports of ψ˜j;k and ψj;k are con-
tained inside [2−j(k −N0), 2
−j(k +N0)]. Now for k ∈ [N0 − 2
jN, 2jN −N0], we have
2−j(k +N0) 6 2
−j(2jN −N0 +N0) = N, 2
−j(k −N0) > 2
−j(N0 − 2
jN −N0) = −N.
That is, for every k ∈ Z∩ [N0 − 2
jN, 2jN −N0], the support of ψ˜j;k is contained inside [−N,N ] and
hence 〈ηNp, ψ˜j;k〉 = 〈p, ψ˜j;k〉 = 0. On the other hand, for all integers k < N0 − 2
jN , we must have
2−j(k +N0) < 2
−j(N0 − 2
jN +N0) = 2
1−jN0 −N 6 2N0 −N,
where we used j ∈ N ∪ {0}. Hence, ψj;k(x) = 0 for all x ∈ (2N0 − N,N − 2N0) and k < N0 − 2
jN .
Similarly, for all integers k > 2jN −N0, we have
2−j(k −N0) > 2
−j(2jN −N0 −N0) = N − 2
1−jN0 > N − 2N0.
Hence, ψj;k(x) = 0 for all x ∈ (2N0 −N,N − 2N0) and k > 2
jN −N0. The discussion for the term
〈ηNp, φ˜(· − k)〉φ(x− k) is the same as the case for ψj,k with j = 0. Consequently, we conclude that
p(x) = ηN(x)p(x) =
∑
k∈Z
〈p, φ˜(· − k)〉φ(x− k), a.e. x ∈ (2N0 −N,N − 2N0).
Taking N →∞, we conclude that Qp = p. This proves item (ii). 
We have the following result on the Gibbs phenomenon of wavelet and framelet expansions.
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Theorem 3.2. Let ({φ˜; ψ˜}, {φ;ψ}) be a dual framelet in L2(R), where φ, φ˜ are r × 1 vectors of
compactly supported functions in L2(R) and ψ, ψ˜ are s× 1 vectors of compactly supported functions
in L2(R). Let An, n ∈ N ∪ {0} be defined in (1.6) for the truncated framelet expansions using the
dual framelet ({φ˜; ψ˜}, {φ;ψ}). Define the quasi-projection operator Q as in (1.8).
(i) If vm(ψ) > 2 and vm(ψ˜) > 1, then 〈(·), sgn−Q sgn〉 = 0. If in addition (2.13) holds and φ, φ˜
are real-valued, then {An}n∈N exhibits the Gibbs phenomenon at the origin.
(ii) If all the entries in φ and φ˜ are nonnegative, then {An}n∈N has no Gibbs phenomenon at the
origin but vm(ψ) = vm(ψ˜) = 1.
Proof. By item (i) of Proposition 3.1, the operators An in (1.6) agree with the quasi-projection
operators Qn in (1.7). Since vm(ψ˜) > 1, by item (ii) of Proposition 3.1, we have Q1 = 1, which
is equivalent to (1.10). Define Q˜n as in (2.6) and Q˜ := Q˜0. Since vm(ψ) > 2, by item (ii) of
Proposition 3.1, we have Q˜1 = 1 and Q˜x = x, which is equivalent to (2.11). Next, we prove
[φ̂
T̂˜
φ]′′(0) = 0. As we have seen in the proof of Proposition 3.1, (3.1) holds. Applying [10, Lemma 5]
to (3.1) with n = 1 and λ = 1/2, we conclude that
φ̂(ξ)
T̂˜
φ(ξ) + ψ̂(ξ)
T ̂˜
ψ(ξ) = φ̂(ξ/2)
T̂˜
φ(ξ/2).
Because vm(ψ) > 2 and vm(ψ˜) > 1, we have ψ̂(ξ)
T ̂˜ψ(ξ) = O(|ξ|3) as ξ → 0. Therefore, we conclude
from the above identity that
φ̂(ξ)
T̂˜
φ(ξ) = φ̂(ξ/2)
T̂˜
φ(ξ/2) + O(|ξ|3), ξ → 0. (3.2)
By (2.11), we trivially have φ̂(0)
T̂˜
φ(0) = 1. Using the Taylor expansion of φ̂
T̂˜
φ at the origin, we
deduce from (3.2) that we must have φ̂(ξ)
T̂˜
φ(ξ) = 1 + O(|ξ|3) as ξ → 0. Consequently, we proved
[φ̂
T̂˜φ]′′(0) = 0. Now all the claims in item (i) follows directly from Theorem 2.5.
If all the entries in φ and φ˜ are nonnegative, then it follows from item (ii) of Proposition 2.4 that
{Qn}n∈N has no Gibbs phenomenon. We now prove vm(ψ) = vm(ψ˜) = 1. Since ({φ˜; ψ˜}, {φ;ψ}) is a
dual framelet in L2(R), it is necessary that vm(ψ) > 1 and vm(ψ˜) > 1. We use proof by contradiction
to prove vm(ψ) = vm(ψ˜) = 1. Without loss of generality, we can assume that vm(ψ) > 2. By what
has been proved a moment ago, we must have [φ̂
T̂˜
φ]′′(0) = 0. Define η(x) :=
∫
R
φ(x+ y)
T
φ˜(y)dy.
Then η̂(ξ) = φ̂(ξ)
T̂˜
φ(ξ). Hence, [φ̂
T̂˜
φ]′′(0) = 0 becomes [η̂]′′(0) = 0, which is equivalent to saying
that
∫
R
x2η(x)dx = 0. Since both φ and φ˜ are nonnegative, the scalar function η is nonnegative.
Consequently,
∫
R
x2η(x)dx = 0 forces η = 0, a contradiction to η̂(0) = 1. This proves vm(ψ) =
vm(ψ˜) = 1. This completes the proof of item (ii). 
Note that an orthogonal wavelet is a special case of a tight framelet. As a direct consequence of
Theorem 3.2, we have the following result on tight framelets and orthogonal wavelets.
Corollary 3.3. Let {φ;ψ} be a tight framelet in L2(R), where φ is an r × 1 vector of compactly
supported functions in L2(R) and ψ is an s × 1 vector of compactly supported functions in L2(R).
Let An, n ∈ N be the operators for the truncated framelet expansions using the tight framelet {φ;ψ},
i.e.,
Anf :=
∑
k∈Z
〈f, φ(· − k)〉φ(· − k) +
n−1∑
j=0
∑
k∈Z
〈f, ψj;k〉ψj;k. (3.3)
If vm(ψ) > 2, then 〈(·), sgn−Q sgn〉 = 0, where Qf :=
∑
k∈Z〈f, φ(· − k)〉φ(· − k). If in addition
(2.13) holds and φ is real-valued, then {An}n∈N must exhibit the Gibbs phenomenon at the origin.
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Theorem 3.2 and Corollary 3.3 obviously cover the results in [19, 20, 22, 23, 25] as special cases on
the Gibbs phenomenon of orthogonal wavelets and biorthogonal wavelets. Corollary 3.3 tells us that
the truncated approximation using a tight framelet cannot avoid the Gibbs phenomenon while having
at least two vanishing moments. However, high vanishing moments are of paramount importance in
many applications. Therefore, to avoid the Gibbs phenomenon while having high vanishing moments,
according to Theorem 3.2, the only possibility left is dual framelets ({φ˜; ψ˜}, {φ;ψ}) (which must not
be tight framelets, i.e., dual framelets with φ˜ = φ and ψ˜ = ψ) such that vm(ψ) = 1 and vm(ψ˜) = m
for m > 2. By Proposition 3.1, the associated quasi-projection operators {Qn}n∈N will have accuracy
order m. To our best knowledge, so far there is no known example of compactly supported dual
framelets ({φ˜; ψ˜}, {φ;ψ}) in L2(R) such that its associated truncation operators {An}n∈N exhibit
no Gibbs phenomenon and the framelet functions satisfy vm(ψ) = 1 and vm(ψ˜) > 2. It is very
interesting to construct such examples and explore their applications in practice.
4. Proof of Theorem 1.1
In this section we shall prove Theorem 1.1. To do so, we need some necessary definitions and
auxiliary results.
By l0(Z) we denote the space of all finitely supported complex-valued sequences u = {u(k)}k∈Z on Z
such that u(k) 6= 0 for finitely many k ∈ Z. For a finitely supported sequence u = {u(k)}k∈Z ∈ l0(Z),
its Fourier series is defined to be û(ξ) :=
∑
k∈Z u(k)e
−ikξ for ξ ∈ R. Note that û(0) =
∑
k∈Z u(k). For
two finitely supported sequences u and d, their convolution is defined to be [u ∗ d](n) =
∑
k∈Z u(n−
k)d(n) for n ∈ Z. Note that û ∗ d(ξ) = û(ξ)d̂(ξ).
To prove Theorem 1.1, we need the following auxiliary result.
Lemma 4.1. Define a sequence v on Z such that v(k) = −1 for all k < 0 and v(k) = 1 for all k > 0.
Let c be a sequence on Z such that c− c∞v is a finitely supported sequence in l0(Z) for some c∞ ∈ C.
Let d ∈ l0(Z) be a finitely supported sequence on Z such that d̂(0) = 0. Then c ∗ d ∈ l0(Z) is a finitely
supported sequence on Z and∑
k∈Z
[c ∗ d](k) = c∞
∑
k∈Z
[v ∗ d](k) = −2ic∞[d̂]
′(0), (4.1)∑
k∈Z
k[c ∗ d](k) = ic∞[d̂]
′(0) + c∞[d̂]
′′(0) + i ̂[c− c∞v](0)[d̂]
′(0). (4.2)
Proof. By our assumption on the sequence c, since d is finitely supported with d̂(0) =
∑
k∈Z d(k) = 0,
it is not difficult to observe that c∗d is a finitely supported sequence. Write c∗d = (c−c∞v)∗d+c∞v∗d.
Since c− c∞v is a finitely supported sequence, we have
∑
k∈Z[(c− c∞v)∗d](k) =
̂[c− c∞v](0)d̂(0) = 0
by d̂(0) = 0. Define a sequence u such that u(k) = 1 for all k > 0 and u(k) = 0 for all k < 0. Then
v = −1 + 2u. Since d̂(0) = 0, we have 1 ∗ d = 0 and hence v ∗ d = −1 ∗ d+ 2u ∗ d = 2u ∗ d. Since d
is finitely supported, we can assume that d is supported inside [−N,N ] for some N ∈ N. Note that∑N
n=−N d(n) = d̂(0) = 0. Then∑
k∈Z
2[u ∗ d](k) = 2
∑
k∈Z
∑
n∈Z
u(n)d(k − n) = 2
∑
k∈Z
∞∑
n=0
d(k − n) = 2
∑
k∈Z
k∑
n=−∞
d(n)
= 2
∑
k∈Z
k∑
n=−N
d(n) = 2
N∑
k=−N
k∑
n=−N
d(n) = 2
N∑
n=−N
(N + 1− n)d(n)
= −2
N∑
n=−N
nd(n) = −2i[d̂]′(0),
where we used [d̂]′(0) =
∑
n∈Z d(n)(−in). This proves (4.1).
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By v ∗ d = 2u ∗ d, we have c ∗ d = (c− c∞v) ∗ d+ c∞v ∗ d = 2c∞u ∗ d+ (c− c∞v) ∗ d. Noting that
[u ∗ d](k) =
∑k
n=−∞ d(n), we deduce that∑
k∈Z
k[c ∗ d](k) = 2c∞
∑
k∈Z
k∑
n=−∞
kd(n) +
∑
k∈Z
k[(c− c∞v) ∗ d](k).
Since both c− c∞v and d are finitely supported sequences, by d̂(0) = 0, we have∑
k∈Z
k[(c−c∞v)∗d](k) = i[ ̂(c− c∞v)d̂]
′(0) = i ̂[c− c∞v](0)[d̂]
′(0)+i ̂[c− c∞v]
′
(0)d̂(0) = i ̂[c− c∞v](0)[d̂]
′(0).
On the other hand, by
∑N
n=−N d(n) = d̂(0) = 0, we have
2
∑
k∈Z
k∑
n=−∞
kd(n) = 2
N∑
k=−N
k∑
n=−N
kd(n) = 2
N∑
n=−N
N∑
k=n
kd(n) = 2
N∑
n=−N
N + n
2
(N + 1− n)d(n)
=
N∑
n=−N
(N(N + 1) + n− n2)d(n) =
N∑
n=−N
nd(n)−
N∑
n=−N
n2d(n) = i[d̂]′(0) + [d̂]′′(0).
Putting all the identities together, we proved (4.2). 
We are now ready to prove Theorem 1.1.
Proof of Theorem 1.1. We first take a special compactly supported scalar function η ∈ L2(R) such
that
η̂(ξ) = 1 + O(|ξ|3) and η̂(ξ)η̂(ξ + 2πk) = δ(k) + O(|ξ|3), ξ → 0, k ∈ Z. (4.3)
Such a function can be easily constructed from B-splines in (2.10). Indeed, consider B3 and note
B̂3(0) = 1. Let u = {u(k)}k∈Z be a finitely supported sequence such that û(ξ) =
1
B̂3(ξ)
+ O(|ξ|3) as
ξ → 0. Define η :=
∑
k∈Z u(k)B3(· − k). Then η is a compactly supported function in L2(R) and
η̂(ξ) = û(ξ)B̂3(ξ) = 1 + O(|ξ|
3), ξ → 0.
Since B̂3(ξ + 2πk) = O(|ξ|
3) as ξ → 0 for all k ∈ Z\{0}, the function η satisfies all the conditions in
(4.3). By (4.3), we have 〈(·)j, η(· − k)〉 = kj and xj =
∑
k∈Z〈(·)
j, η(· − k)〉η(x− k) =
∑
k∈Z k
jη(· − k)
for all j = 0, 1, 2. That is, we have
1 =
∑
k∈Z
η(· − k), x =
∑
k∈Z
kη(x− k), x2 =
∑
k∈Z
k2η(x− k). (4.4)
By our assumption in (1.10), we have Q1 = 1. Therefore, Q sgn agrees with sgn outside some
neighborhood of the origin. Consequently, sgn−Q sgn is a compactly supported function in L2(R).
We now calculate 〈sgn−Q sgn, (·)〉 using (4.4). Using the expression for the polynomial x in (4.4)
and noting that η has compact support, we have
〈sgn−Q sgn, (·)〉 =
∑
k∈Z
k〈sgn−Q sgn, η(· − k)〉 =
∑
k∈Z
k
(
〈sgn, η(· − k)〉 − 〈Q sgn, η(· − k)〉
)
.
On the other hand, by the definition of the quasi-projection operator Q in (1.8), we have
〈Q sgn, η(· − k)〉 =
∑
n∈Z
〈sgn, φ˜(· − n)〉〈φ(· − n), η(· − k)〉 =
∑
n∈Z
〈sgn, φ˜(· − n)〉〈φ, η(· − (k − n))〉.
For k ∈ Z, define
c(k) := 〈sgn, η(· − k)〉 ∈ C, b˜(k) := 〈sgn, φ˜(· − k)〉 ∈ C1×r, b(k) := 〈φ, η(· − k)〉 ∈ Cr. (4.5)
Then we have
〈sgn−Q sgn, (·)〉 =
∑
k∈Z
k
(
c(k)−
∑
n∈Z
b˜(n)b(k − n)
)
=
∑
k∈Z
k[c− b˜ ∗ b](k). (4.6)
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Since both φ and η have compact support, the sequence b must be finitely supported. Define d :=
b− φ̂(0)δ. Then d ∈ l0(Z). Noting that b˜ ∗ δ = b˜, we can write
c− b˜ ∗ b = (c− b˜ ∗ (φ̂(0)δ))− b˜ ∗ (b− φ̂(0)δ) = (c− b˜φ̂(0))− b˜ ∗ d.
Since both η and φ˜ have compact support, by η̂(0) = 1, there exists a positive constant N such that
c(k) = sgn(k) and b˜(k) = sgn(k)
̂˜
φ(0)
T
for all |k| > N . Because
̂˜
φ(0)
T
φ̂(0) = 1 by (1.10), we conclude
that c− b˜φ̂(0) is a finitely supported sequence. By the first identity in (4.4) and the definition of the
sequence b, we have
b̂(0) =
∑
k∈Z
b(k) =
〈
φ,
∑
k∈Z
η(· − k)
〉
= 〈φ, 1〉 = φ̂(0).
Hence, d̂(0) = b̂(0) − φ̂(0) = 0. Since b˜(k) = sgn(k)̂˜φ(0)T for all |k| > N , we deduce that b˜ ∗ d is a
finitely supported sequence. By (4.6), since c− b˜φ̂(0) ∈ l0(Z) and b˜ ∗ d ∈ l0(Z), we conclude that
〈sgn−Q sgn, (·)〉 = I1 − I2 with I1 :=
∑
k∈Z
k
(
c(k)− b˜(k)φ̂(0)
)
, I2 :=
∑
k∈Z
k[b˜ ∗ d](k). (4.7)
We now calculate I1 and I2. To calculate I1, we define
c˚(k) :=
∫ 1
0
η(x− k)dx =
∫ 1−k
−k
η(x)dx, b˚(k) :=
∫ 1
0
φ˜(x− k)dx =
∫ 1−k
−k
φ˜(x)dx, k ∈ Z.
Then it is easy to deduce that
∑
k∈Z b˚(k) =
̂˜φ(0) and
b˜(k) = 〈sgn, φ˜(· − k)〉 = −̂˜φ(0)T + 2 k∑
n=−∞
b˚(n)
T
. (4.8)
By
̂˜
φ(0)
T
φ̂(0) = 1, the above identity leads to b˜(k)φ̂(0) = −1 + 2
∑k
n=−∞ b˚(n)
T
φ̂(0). Similarly, we
have c(k) = 〈sgn, η(· − k)〉 = −1 + 2
∑k
n=−∞ c˚(n). Since both b˚ and c˚ are finitely supported, we can
assume that c˚− b˚
T
φ̂(0) is supported inside [−N,N ] for some N ∈ N. Then
N∑
n=−N
(˚
c(n)− b˚(n)
T
φ̂(0)
)
=
∑
n∈Z
c˚(n)−
∑
n∈Z
b˚(n)
T
φ̂(0) = η̂(0)−
̂˜
φ(0)
T
φ̂(0) = 1− 1 = 0
and
I1 =
∑
k∈Z
k
(
c(k)− b˜(k)φ̂(0)
)
=
∑
k∈Z
k∑
n=−∞
2k
(˚
c(n)− b˚(n)
T
φ̂(0)
)
=
N∑
k=−N
k∑
n=−N
2k
(˚
c(n)− b˚(n)
T
φ̂(0)
)
=
N∑
n=−N
N∑
k=n
2k
(˚
c(n)− b˚(n)
T
φ̂(0)
)
=
N∑
n=−N
(N(N + 1) + n− n2)
(˚
c(n)− b˚(n)
T
φ̂(0)
)
=
∑
n∈Z
(n− n2)
(˚
c(n)− b˚(n)
T
φ̂(0)
)
.
By the definition of c˚ and (4.4), we have∑
n∈Z
(n− n2)˚c(n) =
∑
n∈Z
(n− n2)
∫ 1
0
η(x− n)dx =
∫ 1
0
∑
n∈Z
(n− n2)η(x− n)dx =
∫ 1
0
(x− x2)dx =
1
6
.
Similarly, by the definition of b˚ and the definition of κj in (1.12), we have∑
n∈Z
(n− n2)˚b(n) =
∫ 1
0
∑
n∈Z
(n− n2)φ˜(x− n)dx = κ1 − κ2.
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Hence, we conclude that I1 =
1
6
− (κ1 − κ2)
T
φ̂(0).
We now calculate I2. Note that we already proved that b˜(k) = sgn(k)
̂˜φ(0)T for all |k| > N . Define
d˜ := b˜ −
̂˜
φ(0)
T
v, where the sequence v is defined in Lemma 4.1. Since d ∈ l0(Z) with d̂(0) = 0, by
the identity (4.2) in Lemma 4.1, we have
I2 =
∑
k∈Z
k[b˜ ∗ d](k) = i
̂˜
φ(0)
T
[d̂]′(0) +
̂˜
φ(0)
T
[d̂]′′(0) + i
̂˜
d(0)[d̂]′(0).
By definition, d = b− φ̂(0)δ. Hence, d̂(ξ) = b̂(ξ)− φ̂(0). By (4.4) and the definition of the sequence
b, for j = 0, 1, 2, we have
[̂b](j)(0) = (−i)j
∑
k∈Z
kj〈φ, η(· − k)〉 = (−i)j
〈
φ,
∑
k∈Z
kjη(· − k)
〉
= (−i)j〈φ, xj〉 = [φ̂](j)(0).
So, [d̂]′(0) = [̂b]′(0) = [φ̂]′(0) and [d̂]′′(0) = [̂b]′′(0) = [φ̂]′′(0). Hence, I2 = i
̂˜
φ(0)
T
[φ̂]′(0)+
̂˜
φ(0)
T
[φ̂]′′(0)+
î˜d(0)[φ̂]′(0). Note that ̂˜d(0) =∑k∈Z(b˜(k)− ̂˜φ(0)Tv(k)). Since v(k) = −1+2∑kn=−∞ δ(n) for all k ∈ Z
and (4.8) holds, we deduce that
̂˜d(0) =∑
k∈Z
k∑
n=−∞
2
(˚
b(n)
T
− ̂˜φ(0)Tδ(n)) = N∑
n=−N
N∑
k=n
2
(˚
b(n)
T
− ̂˜φ(0)Tδ(n))
=
N∑
n=−N
2(N + 1− n)
(˚
b(n)
T
− ̂˜φ(0)Tδ(n)) =∑
n∈Z
−2n
(˚
b(n)
T
− ̂˜φ(0)Tδ(n))
= −2
∑
n∈Z
n˚b(n)
T
= −2
∫ 1
0
(∑
n∈Z
nφ˜(x− n)
)
dx
T
= −2κ1
T.
Hence,
I2 = i
̂˜φ(0)T[φ̂]′(0) + ̂˜φ(0)T[φ̂]′′(0)− 2iκ1T[φ̂]′(0).
Therefore, by (4.7) and 〈(·), sgn−Q sgn〉 = 〈sgn−Q sgn, (·)〉, we conclude that (1.11) holds. 
5. Gibbs Phenomenon at an Arbitrary Point
We now discuss the Gibbs phenomenon at an arbitrary point for approximation by framelet ex-
pansions and quasi-projection operators. In particular, we shall deal with the Gibbs phenomenon at
an arbitrary point of wavelets and framelets derived from refinable vector functions.
We first discuss the Gibbs phenomenon at an arbitrary point x0 ∈ R for approximation by quasi-
projection operators. To do so, we have to introduce some notation. For a real number x ∈ R, [x]
stands for its integer part and 〈x〉 stands for its decimal part, i.e.,
x = [x] + 〈x〉, x ∈ R with [x] ∈ Z, 〈x〉 ∈ [0, 1).
Let φ and φ˜ be compactly supported vector functions in (L2(R))
r. For t ∈ R and n ∈ N ∪ {0}, the
t-shifted quasi-projection operators Qn,t are defined to be
Qn,tf :=
∑
k∈Z
〈f, 2nφ˜(2n · −k + t)〉φ(2n · −k + t), n ∈ N ∪ {0}, f ∈ Lloc2 (R). (5.1)
Note that Qn = Qn,0 and
Q0,t+kf = Q0,tf = [Q(f(· − t))](·+ t), ∀ t ∈ R, k ∈ Z. (5.2)
It follows directly from the above identity in (5.2) that Qp = p for all p ∈ Pm−1 if and only if
Q0,tp = p for all p ∈ Pm−1.
GIBBS PHENOMENON OF FRAMELET EXPANSIONS AND QUASI-PROJECTION APPROXIMATION 17
The following result on the shifted quasi-projection operators will be needed in our discussion of
the Gibbs phenomenon at an arbitrary point.
Lemma 5.1. Let φ and φ˜ be compactly supported vector functions in (L2(R))
r. Suppose that Q1 :=∑
k∈Z〈1, φ˜(· − k)〉φ(· − k) = 1 (i.e., (1.10) holds) and all the entries of φ are continuous. Then
lim
t→c
sup
x∈R
|[Q0,t sgn−Q0,c sgn](x)| = 0, ∀ c ∈ R. (5.3)
Let [c, d] be a bounded and closed interval and t ∈ R. If f is a square integrable function such that
limy→x f(y) = f(x) for all x ∈ [c, d], then
lim
n→∞
sup
x∈[c,d]
|[Qn,tf ](x)− f(x)| = 0. (5.4)
Proof. By (5.2), we have Q0,c = Q0,c+k for all k ∈ Z. Hence, without loss of generality, we can
assume c ∈ [0, 1). So, we only consider t ∈ (−1, 1) in (5.3). Because φ and φ˜ have compact support,
without loss of generality, we assume that they are supported inside [−N,N ] for some N ∈ N. By
t ∈ (−1, 1), both φ˜(· − k + t) and φ(· − k + t) are supported inside [k − N − 1, k + N + 1]. Hence,
both of them are supported inside [0,∞) for all k > N + 1, and inside (−∞, 0] for all k 6 −N − 1.
Now by Q1 = 1, we have Q0,t1 = 1 and thus we can easily deduce that
[Q0,t sgn](x) = sgn(x) ∀ x 6∈ [−2N − 1, 2N + 1], t ∈ (−1, 1). (5.5)
Since c ∈ [0, 1), the identity in (5.5) holds with t = c. Consequently, since φ is continuous,
‖Q0,t sgn−Q0,c sgn ‖C(R) := supx∈R|[Q0,t sgn−Q0,c sgn](x)| = supx∈[−2N−1,2N+1]|[Q0,t sgn−Q0,c sgn](x)|.
For x ∈ [−2N − 1, 2N + 1], we observe
[Q0,t sgn−Q0,c sgn](x) =
3N+2∑
k=−3N−2
Ht,c,k(x),
where
Ht,c,k(x) := 〈sgn, φ˜(· − k + t)〉φ(x− k + t)− 〈sgn, φ˜(· − k + c)〉φ(x− k + c).
Therefore,
‖Q0,t sgn−Q0,c sgn ‖C(R) 6
3N+2∑
k=−3N−2
‖Ht,c,k‖C(R). (5.6)
By limt→c ‖φ˜(·+t)−φ˜(·+c)‖(L2(R))r = 0, we trivially have limt→c〈sgn, φ˜(·−k+t)〉 = 〈sgn, φ˜(·−k+c)〉.
On the other hand, since φ is a compactly supported continuous vector function, the vector function
φ must be bounded and uniformly continuous on R. Hence limt→c ‖φ(· + t) − φ(· + c)‖(C(R))r = 0.
Now it is straightforward to conclude that limt→c ‖Ht,c,k‖C(R) = 0. Consequently, it follows directly
from (5.6) that (5.3) must hold.
We now prove (5.4). Let ε > 0. Since f is continuous on the compact set [c, d], the function f
must be uniformly continuous on [c, d]. Together with the fact that f is continuous at every point in
[c, d], there must exist δ > 0 such that
|f(y)− f(x)| < ε/2 ∀ x, y ∈ [c, d], |y − x| < δ
and
|f(y)− f(x)| < ε/2 ∀ x ∈ {c, d}, |y − x| < δ.
Then we can deduce from the above inequalities that
|f(y)− f(x)| < ε ∀ x ∈ [c, d], |y − x| < δ. (5.7)
Since Q1 = 1 and φ is continuous, we must have [Qn,t1](x) = 1 for all x ∈ R. Consequently,
[Qn,tf ](x0)− f(x0) =
∑
k∈Z
〈f(·)− f(x0), 2
nφ˜(2n · −k + t)〉φ(2nx0 − k + t), ∀ x0 ∈ R.
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Because φ and φ˜ are supported inside [−N,N ], the supports of φ(2n · −k + t) and φ˜(2n · −k + t)
are contained inside an interval of length at most 21−nN . Let x0 ∈ [c, d] be temporarily fixed. If
φ(2nx0 − k + t) 6= 0, then k ∈ [2
nx0 + t −N, 2
nx0 + t +N ] and hence the support of φ˜(2
n · −k + t)
must be contained inside the interval [x0 − 2
1−nN, x0 + 2
1−nN ]. For n > 2 + log2(δ/N), we have
[x0 − 2
1−nN, x0 + 2
1−nN ] ⊂ (x0 − δ, x0 + δ) and therefore,
[Qn,tf ](x0)− f(x0) =
∑
k∈Z∩[2nx0+t−N,2nx0+t+N ]
〈f(·)− f(x0), 2
nφ˜(2n · −k + t)〉φ(2nx0 − k + t).
Therefore, for every k ∈ Z ∩ [2nx0 + t − N, 2
nx0 + t + N ], since the support of φ˜(2
n · −k + t) is
contained inside (x0 − δ, x0 + δ), using (5.7), we must have
‖〈f(·)− f(x0), 2
nφ˜(2n · −k + t)〉‖l2 6
∫ x0+δ
x0−δ
|f(y)− f(x0)|2
n‖φ˜(2ny − k + t)‖l2dy
6 ε
∫
R
2n‖φ˜(2ny − k + t)‖l2dy = C1ε,
where C1 :=
∫
R
‖φ˜(y)‖l2dy. Since φ˜ ∈ (L2(R))
r has compact support, by the Cauchy-Schwarz in-
equality, we see that φ˜ ∈ (L1(R))
r and hence C1 <∞. Consequently, we have
|[Qn,tf ](x0)− f(x0)| 6 C1ε
∑
k∈Z
‖φ(2nx0 − k + t)‖l2 6 C1C2ε,
where
C2 :=
∥∥∥∥∥∑
k∈Z
‖φ(· − k + t)‖l2
∥∥∥∥∥
C(R)
:= sup
x∈R
∑
k∈Z
‖φ(x− k + t)‖l2 .
Because φ is compactly supported and is continuous, φ is bounded and C2 <∞. This proves
sup
x0∈[c,d]
|[Qn,tf ](x0)− f(x0)| 6 C1C2ε, ∀n > 2 + log2(δ/N).
This completes the proof of (5.4). 
We now discuss the Gibbs phenomenon at an arbitrary point x0 ∈ R for approximation by quasi-
projection operators. Consider the function sgn(· − x0), which is continuous everywhere except at
the point x0. Noting that sgn(2
−n·) = sgn, we have
[Qn(sgn(· − x0))](x) =
∑
k∈Z
〈sgn(· − x0), 2
nφ˜(2n · −k)〉φ(2nx− k)
=
∑
k∈Z
〈sgn, φ˜(· − k + 2nx0)〉φ(2
nx− k)
=
∑
k∈Z
〈sgn, φ˜(· − k + 〈2nx0〉〉φ(2
nx− [2nx0]− k).
Therefore, shifting the function Qn(sgn(· − x0)) back by the amount of x0, we have
[Qn(sgn(· − x0))](x+ x0) =
∑
k∈Z
〈sgn, φ˜(· − k + 〈2nx0〉)〉φ(2
n(x+ x0)− [2
nx0]− k)
=
∑
k∈Z
〈sgn, φ˜(· − k + 〈2nx0〉)〉φ(2
nx− k + 〈2nx0〉)
= [Q0,〈2nx0〉 sgn](2
nx).
Since φ and φ˜ are supported inside [−N,N ] for some N ∈ N, as we proved in Lemma 5.1, (5.5) must
hold. Since 〈2nx0〉 ∈ [0, 1), (5.5) allows us to take cn = 2
−n(2N + 1) in Definition 2.1. Note that the
essential supermum in (2.1) does not change for any choice of cn > 2
−n(2N + 1). So, we define
Rx0 := lim sup
n→∞
R(〈2nx0〉), Lx0 := lim inf
n→∞
L(〈2nx0〉), (5.8)
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where for t ∈ R,
R(t) := ess-supx∈(0,∞)[Q0,t sgn](x), L(t) := ess-infx∈(−∞,0)[Q0,t sgn](x). (5.9)
Then {Qn}n∈N exhibits the Gibbs phenomenon at x0 if and only if either Rx0 > 1 or Lx0 < −1. The
nonnegative quantities Rx0 − 1 and −Lx0 − 1 are called the overshoot percentages at x0 from the
right-hand side and left-hand side, respectively. For a sequence {tn}n∈N of real numbers, recall that
c ∈ R is a cluster point of {tn}n∈N if there exists a subsequence {tnk}k∈N such that limk→∞ tnk = c.
Under the assumption that all the entries of φ are continuous and Q1 = 1, we now characterize
the Gibbs phenomenon at an arbitrary point x0 ∈ R.
Theorem 5.2. Let φ and φ˜ be compactly supported vector functions in (L2(R))
r. For x0 ∈ R, let Sx0
be the set of all the cluster points of the sequence {〈2nx0〉}n∈N. Define Rx0 and Lx0 as in (5.8). If
Q1 :=
∑
k∈Z〈1, φ˜(· − k)〉φ(· − k) = 1 (i.e., (1.10) holds) and all the entries of φ are continuous, then
Rx0 = sup
c∈Sx0
R(c) and Lx0 = inf
c∈Sx0
L(c). (5.10)
Proof. By definition of Rx0 , there exists a subsequence {tk}k∈N with tk := 〈2
nkx0〉 of the sequence
{〈2nx0〉}n∈N such that Rx0 = limk→∞R(tk). Since all tk lie inside the compact set [0, 1], {tk}k∈N must
have a convergent subsequence. Without loss of generality, we assume that {tk}k∈N itself converges
to a point c ∈ [0, 1]. Hence, c ∈ Sx0 . Since Q1 = 1 and all the entries of φ are continuous, by
Lemma 5.1, (5.3) must hold. In particular, (5.3) implies limk→∞R(tk) = R(c). This proves
Rx0 = lim
k→∞
R(tk) = R(c) 6 sup
t∈Sx0
R(t).
On the other hand, for c ∈ Sx0 , the point c is a cluster point of {〈2
nx0〉}n∈N and hence there exists
a subsequence {tk}k∈N with tk := 〈2
nkx0〉 such that c = limk→∞ tk. Now by (5.3), we have
R(c) = lim
k→∞
R(tk) 6 lim sup
n→∞
R(〈2nx0〉) = Rx0 .
Hence, supc∈Sx0 R(c) 6 Rx0 . This proves the first identity in (5.10). The proof of the second identity
in (5.10) is similar. 
Note that R(t) > 1 and L(t) 6 −1 for all t ∈ R. By Theorem 5.2, {Qn}n∈N does not exhibit the
Gibbs phenomenon at x0 if and only if Rx0 = 1 and Lx0 = −1, which are further equivalent to
ess-supx∈(0,∞)[Q0,c sgn](x) = 1 and ess-infx∈(−∞,0)[Q0,c sgn](x) = −1, ∀ c ∈ Sx0 . (5.11)
If x0 is an irrational number, then it is well known that Sx0 = [0, 1] with 0 ∈ Sx0. Let x0 be a rational
number. Then we can uniquely write x0 =
p
2kq
with p ∈ Z, k ∈ N ∪ {0}, and q being a positive odd
integer. If q = 1, then x0 is just a dyadic rational number and hence Sx0 = S p
2k
= {0}. For this case,
(5.11) is simply Lemma 2.2. If q > 1, then Sx0 = S p
2kq
⊆ {1
q
, . . . , q−1
q
} with 0, 1 6∈ Sx0.
For the Gibbs phenomenon at an arbitrary point of approximation by general quasi-projection
operators, as a consequence of Theorem 5.2, the following result generalizes Theorem 2.5.
Theorem 5.3. Let φ and φ˜ be r × 1 vectors of compactly supported functions in L2(R) such that
all the entries of φ are continuous. Let Qn be the quasi-projection operators defined in (1.7) and
Q := Q0 in (1.8). Let Q0,t, t ∈ R be the t-shifted quasi-projection operator defined in (5.1). If (1.10)
holds (i.e., Q1 = 1) and (2.11) is satisfied, then
〈(·), sgn−Q0,c sgn〉 = −[φ̂
T̂˜φ]′′(0), ∀ c ∈ R. (5.12)
If in addition [φ̂
T̂˜
φ]′′(0) = 0 and both φ and φ˜ are real-valued, then {Qn}n∈N exhibits the Gibbs
phenomenon at all points in R.
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Proof. Define φ˚ := φ(·+ c) and
˜˚
φ := φ˜(·+ c). Obviously, by definition we have
Q˚nf :=
∑
k∈Z
〈f, 2n
˜˚
φ(2n · −k)〉φ˚(2n · −k) =
∑
k∈Z
〈f, 2nφ˜(2n · −k + c)〉φ(2n · −k + c) = Qn,cf.
By
̂˚
φ(ξ) = eicξφ̂(ξ) and
̂˜˚
φ(ξ) = eicξ
̂˜
φ(ξ), we observe
̂˚˜
φ(ξ + 2πj)
T̂˚
φ(ξ + 2πk) = ei2π(k−j)c
̂˜
φ(ξ + 2πj)
T
φ̂(ξ + 2πk), ξ ∈ R, j, k ∈ Z. (5.13)
Since (1.10) and (2.11) are satisfied for φ and φ˜, now it is trivial to deduce from (5.13) that both (1.10)
and (2.11) are satisfied with φ and φ˜ being replaced by φ˚ and
˜˚
φ, respectively. Applying Theorem 2.5
to φ˚ and
˜˚
φ and noting
̂˚
φ
T
(ξ)
̂˚˜
φ(ξ) = φ̂
T
(ξ)̂˜φ(ξ), we must have
〈(·), sgn−Q0,c sgn〉 = 〈(·), sgn−Q˚0 sgn〉 = −[
̂˚
φ
T ̂˚˜
φ]′′(0) = −[φ̂
T̂˜
φ]′′(0).
This proves (5.12). Since all the entries of φ are continuous, the condition in (2.13) holds. Conse-
quently, if [φ̂
T̂˜
φ]′′(0) = 0, then by (5.12) we must have 〈(·), sgn−Q0,c sgn〉 = 0. Hence, one of the
identities in (5.11) must fail. Now it follows from Theorem 5.2 that {Qn}n∈N must exhibit the Gibbs
phenomenon at all points x0 ∈ R by noting that the set Sx0 cannot be empty. 
As a direct consequence of Theorem 5.3, a general version of Corollary 2.6 is as follows.
Corollary 5.4. Let φ be an r × 1 vector of compactly supported real-valued functions in L2(R) such
that all the entries of φ are continuous. Let Qn, n ∈ N be the quasi-projection operators associated
with φ as in (2.16). If {Qn}n∈N has accuracy order higher than two, then {Qn}n∈N must exhibit the
Gibbs phenomenon at all points in R.
Finally we discuss the Gibbs phenomenon at an arbitrary point for dual framelets, in particular, for
those derived from refinable vector functions and multiresolution analysis. As a direct consequence
of Theorems 5.3 and 3.2, we have the following result generalizing Theorem 3.2.
Theorem 5.5. Let ({φ˜; ψ˜}, {φ;ψ}) be a compactly supported real-valued dual framelet in L2(R) such
that all the entries of φ are continuous. Let An, n ∈ N∪{0} be defined in (1.6) for the truncated dual
framelet expansions. Define the quasi-projection operator Q as in (1.8). If vm(ψ) > 2 and vm(ψ˜) > 1,
then 〈(·), sgn−Q sgn0,c〉 = 0 for all c ∈ R and {An}n∈N must exhibit the Gibbs phenomenon at all
points in R.
Proof. By Proposition 3.1, vm(ψ˜) > 1 implies Q1 = 1. Now all the claim follows from the same proof
of Theorem 3.2 but using Theorem 5.3 instead of Theorem 2.5. 
As a direct consequence of Theorem 5.5, the following result generalizes Corollary 3.3 on tight
framelets and orthogonal wavelets.
Corollary 5.6. Let {φ;ψ} be a compactly supported real-valued tight framelet in L2(R) such that
all the entries of φ are continuous and real-valued. Let An, n ∈ N ∪ {0} be defined in (3.3) for the
truncated tight framelet expansions. If vm(ψ) > 2, then 〈(·), sgn−Q0,c sgn〉 = 0 for all c ∈ R and
{An}n∈N must exhibit the Gibbs phenomenon at all points in R.
We finish this paper by discussing the Gibbs phenomenon of dual framelets derived from refinable
vector functions and multiresolution analysis. Let φ = (φ1, . . . , φr), φ˜ = (φ˜1, . . . , φ˜r) ∈ (L2(R))
r and
ψ = (ψ1, . . . , ψs), ψ˜ = (ψ˜1, . . . , ψ˜s) ∈ (L2(R))
s. As addressed in [10, 11], the underlying systems of
a dual framelet ({φ˜; ψ˜}, {φ;ψ}) in L2(R) are the nonhomogeneous affine systems ASJ(φ;ψ), J ∈ Z
in (1.3). In the classical theory of wavelets, however homogeneous affine systems are often discussed
and are defined to be
AS(ψ) = {ψℓj;k : j ∈ Z, k ∈ Z, ℓ = 1, . . . , s}.
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If both AS(ψ) and AS(ψ˜) are frames in L2(R) and satisfy
〈f, g〉 =
∑
j∈Z
s∑
ℓ=1
∑
k∈Z
〈f, ψ˜ℓj;k〉〈ψ
ℓ
j;k, g〉, ∀ f, g ∈ L2(R)
with the series converging absolutely, then (ψ˜, ψ) is called a homogeneous dual framelet in L2(R). It
is known in [11] that if ({φ˜; ψ˜}, {φ;ψ}) is a dual framelet (resp. biorthogonal wavelet) in L2(R), as
the limiting systems of ASJ(φ˜; ψ˜) and ASJ(φ, ψ) as J → −∞, then (ψ˜, ψ) must be a homogeneous
dual framelet (resp. homogeneous biorthogonal wavelet) in L2(R). Furthermore, due to the identities
in (3.1) and the known identity limj→−∞
∑
k∈Z〈f, φ˜j;k〉〈φj;k, g〉 = 0 for all f, g ∈ L2(R), one has
n−1∑
j=−∞
∑
k∈Z
〈f, ψ˜j;k〉ψj;k = Anf =
∑
k∈Z
〈f, φ˜n;k〉φn;k, f ∈ L2(R),
where An is defined in (1.6). Hence, all our results can be directly applied to homogeneous wavelets
and framelets. For detailed discussion about the relations between homogeneous and nonhomoge-
neous wavelets and framelets, see [11, 12, 13] and references therein.
The most general method for constructing tight or dual framelets derived from refinable vector
functions is the Oblique Extension Principle (OEP), e.g., see [3, 4, 14]. For systematic construction of
OEP-based dual framelets and dual multiframelets, see [1, 3, 4, 9, 10, 13, 14] and references therein.
For a = {a(k)}k∈Z ∈ (l0(Z))
r×s, recall that â is the r × s matrix of 2π-periodic trigonometric
polynomials defined by â(ξ) :=
∑
k∈Z a(k)e
−ikξ for ξ ∈ R. Let φ ∈ (L2(R))
r be a compactly supported
vector function. We say that φ is refinable with a filter/mask a ∈ (l0(Z))
r×r if φ = 2
∑
k∈Z a(k)φ(2 ·
−k), which is equivalent to φ̂(2ξ) = â(ξ)φ̂(ξ).
Now we recall the Oblique Extension Principle stated in [13, Theorem 6.4.1] (also see [9, 14]) for
constructing OEP-based dual framelets in L2(R) from refinable vector functions.
Theorem 5.7. ([13, Theorem 6.4.1]) Let a, a˜, θ, θ˜ ∈ (l0(Z))
r×r and b, b˜ ∈ (l0(Z))
r×s. Let φ, φ˜ be r×1
vectors of compactly supported functions in L2(R) satisfying
φ̂(2ξ) = â(ξ)φ̂(ξ), ̂˜φ(2ξ) = ̂˜a(ξ)̂˜φ(ξ), ξ ∈ R.
Define vector functions η, η˜, ψ, ψ˜ by
η̂(ξ) := θ̂(ξ)φ̂(ξ), ̂˜η(ξ) := ̂˜θ(ξ)̂˜φ(ξ) and ψ̂(ξ) := b̂(ξ/2)φ̂(ξ/2), ̂˜ψ(ξ) := ̂˜b(ξ/2)̂˜φ(ξ/2).
Define Θ ∈ (l0(Z))
r×r by Θ̂(ξ) := [̂˜θ(ξ)]Tθ̂(ξ). If ̂˜φ(0)TΘ̂(0)φ̂(0) = 1 and ({a˜; b˜}, {a; b})Θ is an
OEP-based dual framelet filter bank, that is,̂˜a(ξ)TΘ̂(2ξ)â(ξ) + ̂˜b(ξ)Tb̂(ξ) = Θ̂(ξ), ̂˜a(ξ)TΘ̂(2ξ)â(ξ + 2π) + ̂˜b(ξ)Tb̂(ξ + 2π) = 0, (5.14)
then ({η˜; ψ˜}, {η;ψ}) is a dual framelet in L2(R). Moreover, the converse direction is also true if
det Θ̂ is not identically zero.
The most common choice of θ, θ˜ in Theorem 5.7 is θ̂(ξ) = ̂˜θ(ξ) = Ir, leading to η = φ and η˜ = φ˜.
The main role of θ and θ˜ is to increase the vanishing moments of ψ and ψ˜ as well as the accuracy
order of their associated quasi-projection operators: Q˚ := Q˚0 and
[Q˚nf ](x) :=
∑
k∈Z
〈f, 2nη˜(2n · −k)〉η(2nx− k), n ∈ N ∪ {0}, f ∈ Lloc2 (R).
By Proposition 3.1, we have Q˚p = p for all p ∈ Pm−1 with m := vm(ψ˜). Hence, all the results in this
paper hold for OEP-based dual framelets. Moreover, it is known in [13, Lemma 4.1.11] that
Q˚nf =
∑
k∈Z
〈f, 2n
˜˚
φ(2n · −k)〉φ(2n · −k) =
∑
k∈Z
〈f, 2nφ˜(2n · −k)〉φ˚(2n · −k), n ∈ N ∪ {0} (5.15)
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with
̂˚˜
φ(ξ) := Θ̂(ξ)T
̂˜
φ(ξ) and
̂˚
φ(ξ) = Θ̂(ξ)φ̂(ξ). Consequently, if ({η˜; ψ˜}, {η;ψ}) is a dual framelet in
L2(R), then both ({φ˜; ψ˜}, {φ˚;ψ}) and ({
˜˚
φ; ψ˜}, {φ;ψ}) are dual framelets in L2(R). In particular, if
vm(ψ) > 2 and vm(ψ˜) > 1 and assume that all the entries of φ are continuous, then by Theorem 5.3
we have [η̂
T̂˜η]′′(0) = [φ̂TΘT̂˜φ]′′(0) = 0 and {Q˚n}n∈N must exhibit the Gibbs phenomenon at all points.
According to the results in this paper, the oblique extension principle can increase the vanishing
moments of the framelets ψ and ψ˜ as well as the accuracy orders of the quasi-projection operators
Q˚n, but at the cost of the Gibbs phenomenon.
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